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Production
->Kantorovich's duality
-> Brenier's Theorem

-> Wasserstien Distances



*Monge's Problem

a

tion Assume One extracts soil for fortification.
whatis the cheapestpossible way totransportthe
soil?

F
2

-

i L > I
Distance ((x,y)=(x-y1

*Deterministic formulation
④vich'sFormulation
*Non-deterministic Or

*Bakeries (Bi) i = 1,2 ...,N& CoffeShops (Cj),3=1.2...
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Foxample 833:C3, 823 =45- c3

x=>0 amountof bread produced by Bi
Bj5o amountof bread needed by Cj



*We assume, ,=6i =1
*Siren c(ui,yi) =costtomove one unitofmass

from seitoyj

(a) 8ij 50 (convex constraints)

8ij =9i(b) Hi,
i=1N

C) is [8ij =Bj NM
i=1 /

(d) 8i;minimizes, _,Sij((i,yj) =tutal cost

A

cations

(a)Euler expression, isoperimetric ineq, Sobolev inequality
(b)Evolution of PDES:G =xuM

...



C) Probability & Kinetic Theory.
() Study of Ricci curvature on Riemanian manifolds

④Commonly, c(, y) =112-yx2 imRd

*X =space where source measure lives "p"
Y=space is target"
P(X) =Setof all probabilitymeasure over X
Rewardmeasure) LetT:x+Y, 4 -P(X)
T#M eP(Y) st (TFM) (A) =M (TA)) HAbowel set
inY.

*A map 5: x-Y is called a transport map if TFM
=0



⑭
*Remark.When tir, thesetof map 5=ST:TI=3
can be empty i.e.

I

mightnot existalways.
Ex. · Unless visa
-

H =Sxo T, =S,
(o)dirac detta, the setof transportmapfrom por

is empty.
Remingor transport plan) We call 8 =P(XxY)
a coupling of M and if (Tx)#8 =n&(y) =r
where 4,(,y)

=

x, Ty(x,y) =y



Lets [(r,r) =Esetof all couplings
of ndv3~:Rark:given her, the set sic

u always non-empty.Eg. 1Qrt(,r)i
imapvs. coupling
If T:x+Y be a transport map, then there is away
tocreate coupling using 1. Consider IdxT:x-XxY
8+
=(#nxT)#4 =P(xxy)&8+e)(Hiv)

Me.Kantorovichmtion
Let4-P(X) & W +PNY). c: xxY-[-c,+x) e



a continuous cost. The Monge &Kantorovich costare

Cu4,v) =inf[/x"(,T(n)) dp(n)fT,n =v3
Cn(r,v) =

infG(x,y)d8isy) 155(r,r]
*Optimal transport map/coupling is the map/coupling
thatrealizes optimal costof the above.
Remark:If T#H =0 =8+E5 (H,r) in-

addition [18, have the same cost.In general
(m[r,v) > ((n,v)



*Q. Do minimizer's exist? If yes can we characterize

them?
Tom:Letc: xxY- [-cr, +w) be continuous st
n =P(X), r = P(Y) =7 there exists an optimal

coupling. 8G 5(Hir).
Is unique!
&Is 8 induced by a transport map?

Examplessominesampling
5 =
=S

0x20y, 2(xr,30)Scr,31Fanpa0



Emplix=IR2?Serie ·

fac ↓ - v =+Sx, t -

z2

x,coq,y, (10) Here at20, 2]. Thus,

( =18x,y) +( -c)dx,,) +( -)f(x,y) +xfx,z)
*For all c = [0,] the above couplings optimal.
Thus couplings need notbe unique.
*As Kantorovich's formulation was a linear

optimization under convex constraints.Thus not unique.



Kantorovich's Duality
"(XxY),bounded from below. Assume,

~anySx du stthen,
min (Cd8 =max E]4d+4da0t5(n,r) Y(x)+4(y)
ne-

↓ ↓
primal problem dual problem

Special case, X
=1Rd, c(n,y) =112-811, then

min (1-y,d8(,y) =max 2),Ydr-S,494]
8 -)(4,V) ↑ 1-lipchitz



BrenierTheorem

=Re & (x,y) =112-yIR. Suppose,

I Ikidp+Jdy dr < + &assume lebesque
ind

Then Ia optimal transport coupling
8 -S(n,r)

&5 =(1xT)#M,T is an optimal transport map
where T =74whereP: Rd-RRis convex

Rark:The above theorem is true in general with

<Mcy) =1x- yp however T is notgradientof a convex
function.



fr:(probabilitymeasures withfinite pthmoment):
- Rd, p ( [1,+0) then

Pp(X) =[w=P(X):((u)dr()< +x3

Defn.stiendistance):given two measures p,rt4(X)
then,

S(x - y,Pd5(x,y))
"

Wp(r,) =((n,r) xxx
-

↓

Ck
*Up is a distance on the space Pp(X).Thus,

(Pp(X), Wp) are called Wasserstien space.



Trem:KCIRA compact & py 1. Let (nine**(R)
=PCR),then we call the weakly converges to uif

Mn ->H E> Wp(pn,H) -0

Construction of Geosedics
Letx =Rd, 10, n,eP(X)

T

⑭
*Tis the OT map between Modi, then the geodesicht

M= =(T1)#Mo s.t.T(n) =(1- t)x -+T(x)



*Geodesic is the shortestpathbetween two points.
*Inthis case, thegeodesic itis constantspeed

meaning Up (Msct) = It-s/Wp (No,M, 45,
te (0,1]

*Note thatH+ Pp(X)


