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Review
In

p flux measures the rate of flow from

a vector field through a surfare e.g prob
flux is the volume of prob per unit time going

through a surface

Top Divergence is a measure of accumulation of
flux at a point given by the sum of

flux changes across directions

E.fi
Recall in the continuity Egn peut was the

prob flux and 2 Pt F PeUE
velocity field

A similar analogy holds for CTMC and finite

vocabulary
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The disirete divergence for a CTMC
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Kolmogorov backward equation for
CTMC

250
Summary Analogous to continuous state space
diffusions we have the discrete divergence and

continuity equation for CMCs We can

now study density evolution for DLMs in

a manner analogous to flow models for continuous

state spaces

Thus we can characterize the CTMC either by
the density evolution or the velocity field analogous
to the cont statespace flow see Note 19

Im Twm 13 in 47

CPE Me satisfies continuity equation

I
Ut generates Pt for the CTMC



Comment If a velocity field is divergence free
i.e Jalype st Ptfe Vely 21 0

then the velocity fields Ue y x and

Ugly e Ñ lyp both result in the
same deneity evolution

Relation to DLM in Note 22

In the rest of this note we discuss discrete flow
matching to couple between a noise distribution and a

data distribution Similar to Note 19 this setup
can be general however in this note we

specialize to the uniform noising model

Further analogous to discrete time DDPM derived

through the ELBO bound Note 10 and the

continuous time SDE Note 9 we can view

this flow model as the continuoustime analog to

the DLM derived through ELBO in our



previous note Note 22

The setting here is a sequence of tokens each
from the vocabulary 1,2 k The reverse process
is initialized from the noise distribution e.g here

iid uniform across all tokens A CTMC evolves this
backwards to result in a token sequence sampled

from the data distribution

This continuous time process can be viewed as a

time limit of the discrete time evolution that we

studied in Note 22 DLM Specifically in the
limit where the step size h goes to 0 the

ELBO based derivation whith uses a conditional

product form reverse process becomes tight This
is because in this limit for most of the time steps
no change occurs the IMC state is unihanged

and infrequently atmost one token changes state
with multiple token state changes being a

h2 term that is negligible Thus the error



due to assuming conditional product form in the
reverse process equation on pp 14 Note 22

is vanishingly small in this limiting regime

It seems plausible that we can derive concrete

discretization error bounds very similar to that in

Note 74 DDPM Discretization through I MMS E

this is left for future work

Disirete Flow Matching

Xo n p note distribution example

1 placo 8 710 m i.e

Xd or Xo mm m

placo uniformly distributed

over vocab iid across tokens

Xing data distribution

Xo p o g x indep coupling



other dependent couplings allowed in this framework

continuing from Note 19 same document but with
different languages 43

Sketh of Approach

Contract a prob path peer along with

velority fields Ut 9,71 to transport from

710 to X in this note Konpoll uniform

To do so define a conditioning variable

Z Xo X and derive expressions
for Pt z a z and Ue y x z which

are conditional prob paths

As in continuous flow matching we need to
specify a vector field U and associated prob

path PEC to implement the coupling in

step However we do not have a closed form



expression for ULC Instead just like Note19

we defined conditional vector fields and

the associated conditional prob paths that have

a closed form expression As we will see

in step this closed form expression is

used in a training loss to solve the

unconditional flow matching problem for CTMCs

Specifically for Z to X te 0,17

Pela Pt z a z
pz z

Ue y x Ue y a z pale z x

Efuels X z Ex

Then analogous to pages 6 8 Note 19 from Bayes
rule and the continuity equations for the
unconditional and conditional flows we have

that



Uely x generates Pt 1

meaning pylall defined through
the continuity egn 2a 2b

Ut 9,2 z generates petz 71 z

Parameterization We now parameterize the conditional

flow and the associated conditional probs in

a manner that enables scalable implementation

We parameterize Pelz1.1 in product form across

tokens but conditioned on the entire vector z

Pt z a z Piz a z

with 2 x x and with te 0,1



pziz x z kes x x r ke S x a

4 timevarying interpolation

e g Ke t leads to a straight line
Interpolation in the conditional

along with the associated generating conditional

velocity fields uj y x z and characterize

their relation using Kolmogorov bail ward egn
or equivalently the continuity egn

Pilz y 2 Eully a z pipe y z

This results in

vi yi.si z

q
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Importantly this is a closed form expression
that can be used in the loss function when



learning a velocity field 4 C

Furthermore observe that the conditional velocity field
is factorized produit form across tokens this

implies that we model the process to have jumps
for each token conditionally independent of any other
token Furthermore we can show see Theorems

16 in 43 pp 45 that this results in the

overall velocity flow being in factorized form

Ugly x s yi xi uÉ y x

i 1,2 i i i t itt 2

In summary this parameterization leads the following

forward sampling processtoken

P xiin y 1 s y x hui y a
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Note that there are two design choices above

Z Xo X and PelzC 1 is product form integulation

Please see 4 for the general setup beyond
these choices However for scalable implementation

these choices are important

Training via flow matching loss

We use the generalized KL divergence as the

instanie of Bregman divergence for discrete

flow matching recall we used the squared loss

as the Bregman divergence in Note 19



Sperifically let Ra v vly 20 y x

vans E D

In In IR a convex function and

DpnC the associated Bregman Divergence

Then analogous to Note 19 in the discrete case

we have

Demlo Et xnp DIX UEC Xt UEC Xt

Laem o Et z xenphz
Dix UI i Xe z

u t

Then To Dem10 To CDem 0

Thus we can train with conditional discrete flow

matching for which Ufl dz is given



in closed form We can specialize CDFM

loss to either the uniform noising case or

the masking case see 7 Appendix D

which then recovers the ELBO loss that
we discussed in Note 22


