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CAP
#VERSEPROBLEMS

Recall the inverse problem set up of Lecture 16

(Posterior sampling overview).

We wish to recover some unknown I

given access to noisy measurements

y = f(x) + n

&
observed measurement ↑ unknown noise

measurement operator

MLE· argmin lly-A(x)/1
-

x

doesn't incorporate a "prior" over x
~

Lets instead sample I such that

Ex = arginin Elly-A(x) /12 + KL(q11p)
a X-q

p is our PRIOR . we assume we have trained scores

So(uit] JMP+ (k) where Pt is the noised prior

& Pt = (P(c *x) * N
,-

-x)e
+d
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argminEmilyA(11 + 12(q((p)

q Xeq

① Elly-A(X)112 small ensures consistency with y
X-q

② KL(allp) small ensures "semantic" correctness to p

large KL(q(IP)Smallk(q11p>
-

· A
P P

Generally we can use a loss Ly(n) instead of lly-AMI
Ly (1) is some known

,
smooth conver Loss function

ex = argmin E Ly() + kL(q(lp)
q unq

=> [xk)=the normalizing partition function

Spra)e-Lyjns do

POSTERIOR SAMPLING
-

We can interpret this as sampling from a posterior

Bayos vule : e-Ly(a)
-P(x)22 ↓

posteno-hhoodx proege-typfu) du
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mpSITEOPMosm
maximizing Impsu)

max In p sample from p
-

dr= <mp(n) &t ↓ du = Jlnp(a)dt +RdBt

Caradient flow) (Langevin Dynamics)

In our new setting,
we want to sample from

is this < per y =erelated
-

to
- Ly! We can sample from e Usuy LD+ Inp 3ty

We can sample from elp using DDPM
we will see in

sample from the composite ?a can wecouple pages

-> Different ways of looking at the same problem

"Inverse problem= Posterior sampling = composite sampling
"

#Gorithms
Sanjay previously discussed a couple of algorithms,

① "Sput Gibbs"

② "Mont-carlo importance sampling
"

we will look in more detail about why they fail.
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sitGibbs Referena optimizing

max - Ly(a) + Imp(u) ?

If p has an efficient prox operator

Prox f(x) = argmin f(z) + 11x-2/2E
Z

and Ly(u) is smooth conver
, then

"proximal gradient method" is an efficient algorithm.

Repeat
I

x = x
+ - 1

- 8f(xz - 1) . YtI xt = Proxy(xt)

sampling version of proxyf is the "proximal sampler"
~

In f(z)-llx-211/22
fa() x e

Interestingly ,
for Pt we actually almost have a

I

proximal sampler.

Plea eMp(2) + In-z11s

C Pr(x0= x(x + = z)

where de = do + n . E comes from heat process
not on

, but very
related)
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motivates the following modification.

Repeat
&

2
= = x

+ -
- 2T(y(x) + vyn (replace GD with LMC step)I Ut ~ (xt) (replace prox operator with a sample
1 from proximal sampler)

Havent really seen this not sure why not

Speit Gibbs sampling modifies the first step

Repeat alternatingpraxt ve

-Ly(me- + 11x
-+-/

I & prof
x

+ vn(x))
Note that p(KE) is the conditional

p(x(x+ y
- n =xt)

NOT

p (a) ete+ Men = xz)

but we will ignore this for now.

https://goodnotes.com/


The prox operator acts like a "projection".

Suppose conver , compact

S set S

(y(n) = 0 ifne S

E - if neS

This is not smooth or convers ; just for illustration .

then

exp)Ly(x) + 11x-z(12/2y)Iis supported entirely on S
,
and as -0,

converges to the projection of 2 onto S.

so split Gibbs can be seen as alternatingly
1 17

projecting onto the set that aligns our terate with

the measurements and the set that is consistent with

the prior
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& those points have

·
Looks like it works well sometimes-

-
but could get stuck in local minima

,
rescued by

the randomness of the sampling ,
but generally

no "actual" convergence guarantee·
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Reference&

Run algorithm

Initialize XovN,

Repeat

I Xi ~ exp) - Ly(x) + 1x - Xi- 11/22)
xi~ exp (1mp(u) + 1x- Xi ((2n)

Let In denote the distribution

q (x , x) x exp(Imp(x) - Ly(x) + 11x-x 112/)

then

Law (Xi
,
Xi) -> &y

Notes

① lim &y
= pe/E

,
our desired-

n+ 0

posterior. The parameter & conmols how "decoupled"

the prior and reward model problems are allowed to be.
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② Consider the following instance

rio
115smill swee .

In

"
Allowing larger y allows &y to put density here

exp (Inp(a) -Ly()) + 11x- x' 1P(y)
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③ There is no bound on how long it takes for

algorithm to converge to gy for even a fixed n.

For posterior sampling , we would need to also

slowly send o - 0. And as we saw
, generally

In could be for from 9-s for small

E
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-outcarlo importance weighted PosteriorScore estimation

· P(X1)=[P
x~ Pt(. (xt)

We can compute the expected values using sample

averages ,
but this could take a Lot of samples.

what we are really trying to do is compute the

expected value of the posterior

E X- Xt

X-Pt(o(Xt ,y)

using samples from Pt(1Xt)
,

which we can

Simulate using DDPM .

From Reference ,
the number of samples needd

to estimate Eff using samples from M goss as

exp(KL(r/le)) · In our setting this is

exp(k(p( - (x+,y)()p( - (xt)))
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Unclear how to get ahandle on this . Lets look att large ,
so

Pt( . (+,Y) = P(oly) and Pt) · (xt) = p()

then this the RL distance between the posterior

we want to sample from and the prior that

we can sample from efficiently

exp(k)(pe= (lP))

= exp() In del
= exp) Sin -fInzd
= exp(fine-dete - in

= exp(pt])/z
the problem is that I could be quite small.

z = Sp() =
Lyfu)
da
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~Mr e
- Ly(x)-

-

-
the points that matter the most for

the expectation are very unlikely under
the pror plus .

Fundamentally ,
still stick on the Rejection sampling

issue that points with low Lyk) could occur very

infrequently under the prior but still matter a lot

for the postior.

Satisfying postenor sampling guarantee remains elisive s -
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Hardness
-

There is a prior p which we can sample from in

polynomial time,
and quadratic

L = /ly- Asll2

for some A
,
Such that the distribution

qape-h
cannot be sampled from in

polynomial time under a standard cryptographic
hardness assumption.

We will only discuss the hand instance and
some intuition . See reference (2) for details.

Instance
-

Take a one way Function f
* IR

*

- Ra
,

such that

for all x-IR9
,
f(x) can be computed in polynomial

time
,
but for all yerd ,

we cannot finda such that

y = f(u) in polynomial time

* hypothesized to exist . This is the "cryptographic hardness
assumption"
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2d

We will construct the prior p - over IR as a uniform
mixture over product distributions Is for se Go, 13 &

For any sego ,
139 define as as below.

Let comb
,
()=6 (1

denote the Dirac comb distribution

-
and Let V

,
(2) denote the

& variance gaussian

-
-

m20-
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LetNop (n) denote the discretized giussian

to (e) < V
,
(2) comb

, (x- EEb)

~
① The marginal on the first & coordinates is

xinv ,
(x- Rsi) for ind

② Let f be a owF

x :
~ Of sid for is

So p = 2 95 : to
Sego , sy

Lets break this down .

https://goodnotes.com/


For every (5 , f(s)) ,
Sego138

,
there is a

component 9s .
2d

9 is a distribution over 12
,
the marginal over the

first d-coordinates is a gaussian centered at RS.

Meanwhile
,
the last d-coordinates encode the value of

f(s) . Recall that f is a owf .

if f(s)i-a = 1
,
then the marginal of the i"wordinate

of gg is a comb-gaussian

mana
of meiordit e

of g is a sifted comb-gaussian.

!
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Note that J9s)
+,

the t-noised distribution quickly

erases the distinction between the different shifts.

#

-

so for large enough to
, 1931 is

↓ marginal on in wordmate

((9sit) : (x) = [0 , (x- R .Si)) +
id

&
gaussian centered

at

R. Si
,
noised to time t

((9s)t) ; (x) = (2 , (u))+ is

& "comb" aspect is washed out

and the mixture p = 29s I is

seco, ind

Pi(n) = Unif (H) id
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illustration of Es . Suppose S = E-1 , 13 ; f(s) = El, is

= -

-
-15 = 1

~, fi

=
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measurement y = Ax+ 2 where A = (8 %)

so only the lattera coordinates (the ones encoding
f(s)) are observed.

Idea is that the coordinates we observe are consistent

with some specific f(s) for somes . Because f is a owf,

we cannot determine in polynomial time from just

f(s)
,
but if we had a postenor sampler ,

it would

sample (S , f(s)) given fls) and invert the owt.

Difficulty is showing that the p we just defined admits

a poly time sampler.

Note that Lyby ~ Dy-Arell is actually a

simple quadratic with A linear. So the difficulty

of posterior sampling isn't immediately removed by

considering a simple Ly
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-----------------------------

distribution consists of several vertical bars with gaps

the measurement is denoted by the horizontal red line

but when you noie the prior , you can't tell which of

the modes will be consistent with the measurement.

By the time you can tell
, you

have already
committed to a mode.
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