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Proof via Girsanor Theorem

Unlike the Wasserstein coupling proof in this case

we only assume that V1 is β smooth no

strong convexity However the results will be

correspondingly weaker We closely follow 1 which

in turn builds on 3

The approach below is based on Girsanov Theorem which

we restate here from Note 9

Girsanovs Theorem Thm 8 6 4 in 6

Let Y ERd be a Ito process of the form

dye Be Ye dt G E d Be te O T

Be Rd is a Brownian motion over A F Pt

Bell Rd Rd and of Rd R a deed matrin

Suppose that UpC 1 both Rd Rd



sit Q Yt Ue Y Be Ye α 4

and

G e co

us s dB u ts ds

Let Me
Z T

and a new measure Q that is absolutely
continuous w.r.tl with My being the
Radon Nikodym derivative i e

dQfw Me w dP w over F

Then we have
t

Be Us Ys ds Bt is a B M

over R F Q

The process 7 ha the stochastic Integral



representation dYz 2 Ye dt Q Ye dBE

Rec summarizing we have

E F D
dye Be Ye dt G Y d Be

BE Q

2 Ye dt Q Y dBt

Now let us define a new process Ye as

die 9 1 It re E dB

Thus Cle Te are a pair of processes that
are coupled by the same B M Bt but with

different drift terms

Also observe that this trajeitory Ye driven by Bt
under measure Q is the same in distribution as It
driven by Bt under measure Pe



Above Pe Qe are measures over the entire path
O T Let the marginal dist associated with these

path measures be Pt qt vespeitively ie for any

te 0,7
Below immediately generalizes

ftp.iiiearatis
Pe A Pe YEA

Further suppose d d i.e the BM is the

same dim as the ambient dim and G 1 c Id
this condition can be removed but we keep this to keep notation

simple for our use case

In this setting we have

Ue Ye Pe Ye 4 Yt



Corleft
with setting and notation as above we

7

KL 9 11 Pt Ea B Ys a 4 lids

the above resultholds for any jointdist Ge 1 and
Peytz 1 withnochange inthe proof

Proof From the data processing inequality KL divergence

increases when distributions are lifted to a higher dim

joint dist we have

KL 9 11 p KL Q IP

But KL QellPe Ea In 1

Eg In My
Recall fromGirranou'sThm

YAD β YED α YM

1 my e
s DdB u yields



EQ β 4 asks dBs β Ys 2,144lids

f note B is not a BM
under Qe

however Bs is a BM

Next recall that

Be B Bs Ys 2s Xs ds

dBz dBt β Yt 4 Yt dt

Substituting this in above and using the

fact that any stochastic integral has 0 mean

Ea 5 dB's 0 we have

KL QellPe Ea XP Yt 9 7 11 dt



LMC Discretization

Setting and Notation hi e xerd

dXt IV Xe dt 52 dBt ID

Langevin Dynamics continuous time evolution

cash kn h IV Xian 52 Brain Bic

TomLangevin Monte Carlo LMC
indep of Xien

discrete time evolution

We need to embed this discrete time evolution

back into continuous time The mapping ensures that

Ii At each continuous time when t Kh

the discrete evolution equals the value of the

embedding and

ii Between timesteps the drift term is linearly

interpolated and the Brownian motion naturally



evloves as below

x ̅
n

t LES VITES

N Be Ben
continuous time embedding of LMC

Thel Thm 4.4.1 in J Setting as above

and assume IVC is B Lipschitz Let

Mkh be the law of LMC at times t kh 4 91
and let It be the law of LD with initial

condition to NMo Then for he o

and T Nh

KL Mellie β h ÉÉEz.mn 11YV zia IP p2dhT

PI Let B O t T be a Brownian



motion under the prob triplet R F Pp

Note The random variables here are continuous pathvalued

i.e a map from 2 to Cfo T cont functions

endowed with the sup norm topology Distributions for

8 US random vectors at any finite set of times are

defined by appropriate marginalization formally use

measures over appropriate cylinder sets

Then with measure Pe we have that

dxt IV X dt NdBt Xonmo

is the standard LD

Further with respect to the same Brownianmotion we

have the embedded 2M C as

x ̅
n

t LES VLT In

N Be Be



In differential form we have

dx ̅ V X a It NedBe

Thus from Corollary 1 we have

KL QellPe Ea KJV Xan IV Xt I at

is β

p EaflXL S 11 at

BE t EFEQ.CI V Ysa IP

2111,41

1111 fEa.IN Xian I BEN



The above gives a guarantee on KL Mnn Inn

We would like a guarantee with respect to IT

the stat measure of the LD Sinie KL does not

satisfy a Δ inequality we use NL 11Mar
total variation from Pinsker's inequality

Corollary Cor 4.4.2 in 13 Assume IV is

β Lipschitz and also that 1T is LSI Then

for small enough ESO and h chosen appropriately

11mn levee if N kLY J
We refer to 13 for the proof We comment that

the α LSI assumption is used to bound

Ñ Tx ̅ E for

T Nh In KL x



because the LD converges exponentially fast
under the 2 LSI condition

Please read 13 for the proof Do


