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So far we have discussed sampling algorithms that

have evolved in continuous time In practice time
is discretized This disretization leads to an

error in the distribution of samples This note

quantifies this discretization error for Langevin

Dynamics
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continuous time evolution

The discretization of the above is done through
the Euler Maruyama discretization which is the
natural time discretization t Kh h step size
Kf 90,42 7 Care is taken to make
Sure that the Brownian motion discretization continues
to be independent of current state



cash kn h IV Xian 52 Brain Bic

Tom
Langevin Monte Carlo LMC

indep of
discrete time evolution

In the second proof Girschor Thm approach we

will need to embed this discrete time evolution

back into continuous time The mapping ensures that

Ii At each continuous time when t Kh

the discrete evolution equals the value of the

embedding and

ii Between timesteps the drift term is linearly

interpolated and the Brownian motion naturally
evloves as below
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continuous time embedding of LMC



We present two proofs for deriving the

discretization error between LD and LMC There

are four proofs in i Call of which are illuminating

to understand the manhinery of discretization In these

notes we only present two of the proofs The assumptions

on V1 differ across these proofs

Proof via Wasserstein coupling 4.7 in D

In this proof we assume that V x is

strongly convex and smooth i.e
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Suppose TVR β Id

Then E HIV XP βd

Pf Recall for the Langevin Dynamics we have
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V1 is α tonglyconvell



Let flu V x Then
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VH is smooth

ASIDE Discussion on Gradient Descent

Recall standard gradient descent for V1 a strongly

convex and β smooth with iterates 70,7 3
i.e
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Further V is β smooth hence for any h Yp
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iterations

2 Wasserstein distanic M W are prob measures

over Rd i.e u v e P Rd

W2 M o is the 2 Wasserstein distance defined as

Wz u v inf Ix 91128 da dy
8eP RdxRᵈ
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ie minimize the average squared Euclidean distance

between x y over all joint dist over X Y sit

marginal of X is M and marginal of Y is N

We can characterize W2 4,0 using the

dual formulation

Define D mu fin gly xerd yer
If du o figido o

f a g s 122
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These are the dual feasible functions

Then from the fundamental theorem of optimal
transport see Thm 1.3.8 in 13 we have
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Furthermore the optimal dual pair for the above

f 9 can be explicitly characterized When

we later discuss flow models we will revisit optimal

transport to discuss the optimal transport problem
and Brenier's thm

n

BaltoLMC We now consider the measure induced

by LD and that by LMC Note that the

stat measure ITH for LD is e
V4

where

Z is the normalizing constant Suppose Yo N IT

then t NIT for the LD process

dxt V Xe dt EdBt 2



For the LMC discrete time evolution

cash kn h IV Xian 52 Burn Bic

define Mian by xk̅n Mkh
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II It www.i.in argmivins
then choosing Mo So results in a Wz Mo IT Nd

see 13 Remark 4.1.4 for more discussion

Before we prove Theorem 1 we show the following
intermediate results
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Then g t glote't telo e

Pf see Lemma 1.2.20 in 1 B

Note We sometimes see the integral form Suppose that
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Ee ietiziitioiieti.is wite
initial condition Zon To note this is not initialized

with the stat measure Let It be the measure

induced by Ze i.e density of Z Further

suppose that V61 is β Lipschitz V is

β smooth note we are not using α strong convexity here

Then for any 02 t
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i E HZ Zoll 2t E HIV Zs Pdi Idt

1 VC β smooth I V4 is β Lipschitz

I
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i From integral form of Gronwall's Lemma Lem 2
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Lemmate Suppose that the LMC and the LD

are both initialized with the same initial condr

on Mo Then

W Mn Tn 35h E 11 1 0112 4pdh

where x ̅ Xo h V Xo B B

Mn YM to same IC some B M

h

Xn Xo f.TV XDds NBn I
An

Pef Xo Xo coupled IC both from dist Mo

Now observe that be choosing Xo Mo we

generate a joint dist In over Xn Xn such that

by construction x ̅ weln and a In
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from Lemma 3

É 3p h E 11 V XD 4β dh B

ProofofheoremI we use the same Brownian

motion By to drive both the LD and the LMC

We recursively construct a coupling between Mian and



Tich where we use the same Brownian motion to

drive both the CMC and the LD We initialize the

LD with its stat dirt I e
VCI thus At N

20 for the LD For the LMC we initialize

with on Mo

We initially create a coupling between To IT and

Mo this joint is denoted by to This corresponds to

the optimal joint that leads to the initial 2 Waverstein
distance of W2 Mo A We push this coupling
forward using the common BM from time 0 h We

then reset the coupling at time h 111 at times ch

and analyze blocks of time Kh K Dh with the

coupling at beginning times kh being optimal went Waly
Thus the analysis below propagates forward in the

expectations but not along the sample path

Xena kn h V Xian E Byun Bian Lmc

t

Xt kn FV Xelds N Bz Bien LD

Kh



te ich k ih

When evolved over the time interval te Kh 17h

the processes differ in two ways il the dynamics

are different as above and ii the initial condition at

time t kh differ ka ve Xian

We thus introduce a third dynami that evolves like
the LD but is initialized according to the LMC

t

kn V x ̅ ds E Be Bian
Kh

te kh ktish

Annillary LangevinDynamics ALD

Then we have analogous to the Proof in Lemma 4
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where abusing notation R is the joint dist
over the triplet Keaton Xena x ̅ can a that

is induced by the initial conditions of

Xian Xian Xian and the common Brownian

motion driving these three processes Below we

use F to also denote the marginal over any
single or pair of these three processes Note that we

pushed the coupling forward in time from t kh

to t Dh

Thus We Mesh A NEI.MX a Ximall

NEafXFXmall NEfx ̅ Xmall
common IC it common dynamics ii

ii above corresponds to a pair of LD that are

coupled by a common BM but have different
initial conditions Also V1 is a strongly convex

and β smooth



we ii IFollowing fait F Trois see their
1.4.10 in 3

10 Suppose FIV 2 Id and

are two Langevin Dynamics with
common By but initial conditions zo Zo

respectively then

E lZ ZEN e ᵗE Uzo Zill

Discussion The proof in a uses the interpretation

of LD as a Wasserstein Gradient Flow develops

optimal transport theory over Reimannian manifolds

Brenier's thm Otto Villani Thm etc the LS

through this approach leading to the above result

I believe we can do the same using the M.P approach
we studied to derive the LSI for KL divergenie

see Note 7 and use the connection between

KL divergence and 2Wasserstein distance for processes



when LSI constant is α KL u A w a it

known as Talagrand's I transportation cost inequality
also see notes on this in the advanced prob class

B_proffTheorem1 Bounding 1
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common dynamite

e
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W Mianoptimally coupled
at startof eachblockoftime seepp76
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pilipinitz
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Finally from pp 18 we put these two bound

together and also for a bzo Natb Na N5

Wz Mann M e Wa Mian T

h small help O B h W Mich a βNd h

Further assuming he α
p e 0 p h e

i Wa Mein T e we Mian T 0 Brdh

Iterate this recursive couplingbound to get
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