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We have seen SDEs several times now and have

a reasonable understanding of the meaning of a

process of the form

dXt b Xe dt Xt dBt 20

ad beaded pd

In this note we formalize some of the constructions

and the calculus associated with this process In the

integral form the above equation is

t t

Xt Xo fb Xslds for Xs dB

IIIntegral



The prob space we use is denoted by 2 F P

Recall that the Brownian motion is an independent

increment process with Bo 0 and

B n Bt N 0 h

The term b X dr is clear and is defined

through the usual Reimann sum limit

t

10 Xs
dB is an Ito Integral Both 5 Xs w

and B w are random processes

For a simple random proless of the form
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we define
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In general we can approximate any reasonable

function f by simple functions over increasing finer
discretization of time and take a limit in the
mean square sense h 0 Details can be found

in i

Furthermore using such a discretization using B M

properties described above we have Ito Isometry

E F w dB w E f w d

We also state some of the standard properties

of the Ito Integral there are proved using
elementary functions and taking the limit in 2 P

mean square limit
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4 The Ito integral is a Martingale

Detition Filtration over R F P

Ft 20 is a family of G algebra f Ef

St set Fs Ft
i.e an increasing sequence of 5 algebier



Martingale Me is a martingale wot to ft if

lil Me is ft measurable

ii ELIMEI o

Iii E Me Fs Ms as set

Let Me w f w dB w F o Bs set

Ito Integral

Then Me w is a martingale writ ft and

P 1Mt a E floods

proof uses Doob's manimal inequality

All of above naturally generalizes to d dimensional B M

see for details



The Ito formula
scalar case

d be Xt dt I Xt dBt

Ye g Xt geem is twice cont differtiable

over Exxe Co D XIR

Then

dYt 2 ge Xt dt I9t Xt dXt

229 Xt dx
where

dXt computed using these rules

dt.dk dt.dBt dB dk 0

dB d Be dt

The proof of this follows by approximating dt

and dB by disinte differences st ΔB B
n B



and letting the approximation time step h go to O

The limit is taken in the LIP sense and formalizes

the calculation we did when we first studied
SDEs in Note 3 The key ideas are to

use Taylor's Theorem and that A
2

0 At

E ΔB St and E ΔB 0

In the vector case we have the analogous

result Xe Y Erd 9 Rd IR

Ye 9 Xt 9th

dye 294k Xt 2,94 e dXt
at

2,94k Xt dxyi.dk

where

dBe dB Sig dt dByi'dt 0

4 it i etc



Existence Uniqueness of Solution to SDE

dXt bfX dt X dBt

Suppose beta Q a c it in

te O T

and

beta bely 151m Q p c x y

then the SDE has a unique t continuous i.e

cont sample path solution

Strong Markov Property

dXt b Xt dt 0 Xt dBt

f a bounded for 2 a stopping time

writ ft



Then Ex f Xen Fe

Exoxe f Xn

We have already seen the Generator α

α fla lip Exm FCXI _f KEP

For dXt b Xt dtt 0 Xt d Bt
recall

find E bilnsf.tt 1or Fg

Dynkin's Formula aka fundamental Thm of
calculus for Ito processes

Let f a square integrable for e a stopping time



writ ft

Ex.sn f Xe flat Exo α flxids

Girsanov's Theorem

We next show that if we have two SDEs that

are driven by the same Brownian motion i.e a

coupling that have different driff terms then

their distributions are close to each other

Before we study this we first have the following

result

Theorem 1 Thm 8.6.1 in 13 Levy's Characterization

FBrownianMotion

Let Xp Yep Xya Erd be



a d dim continuous stothesticprotest over 2 F P
Then

Xp is a Brownian motion want P

I
I Xe is a martingale wot Fy Q

where F r Xs set

ii Xe i Xt Sig t is a martingale writ

95 3 Q

Lemmy 8 6.2 in 13 u u sit dry f

an absolutely interable r.co over r f P Ie Ef

Then En F X ML E be Em flu



Iem2 Girsanov's Theorem Thm 8.6.4 in 6

Let Y ERd be a Ito process of the form

dye Be Ye dt G E dBe te O T

Be Rd is a Brownian motion over A F B

Bell Rd Rd and of Rd R a deed matrin

Suppose that UpC 1 both Rd Rd

sit Q Yt Ue Y Be Ye 4

and

G e

C

ftpI Iic ssas
Let Me

Z T

and a new measure Q that is absolutely



continuous w.r.tl with My being the
Radon Nikodym derivative i e

dQ w Me w dR w over

Then we have

A Be Us Ys ds Bt is a B M

over R F Q

B The process 7 ha the Stochastic Integral

representation dYz 2 Ye dt Q Ye dBE

Proof we prove in two parts

Step A we show that

Be Us Ys ds Bt is a B M

over R F Q



ie dB ui.LY dt dBt

Here to avoid technicalities we assume Upf is

bounded To show B is a B M over R F Q

we Levy's char of BM and verify Theorem 1 b i

and b ii

i By it a martingale wavit Qt

Let ke Me Bit MEIR BErd
K E Rd

ie Ke i Me_Be i 1 1,2 d

pudB
Cu dB m caus

where
_Just's dB u ts ds

Me

Applitations of Ito's formula problems 4.3 4.4 in 3

d X Y Xtd7 YedXt dte dye
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Then dZ Zt Of Et dBt Z EIR

Oct1 ER

0 1 dB
1
Ot it dBt i By Erd
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Me Ñ Édt dBei

By FI.uftp.T
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where 81 Ba Ux Yt j i

1 Bt Uti Ye j i

i e t

Kt Ms Vs dB is an Ito Integral

and thus kt i is a martingale wirt P
En F XML E beEm flu F 1

i From Lemma 1 v Q M P f Me X D

Ea Bails ᵗ

Y n

where Fe r Bs set r Bs set

Mse
c

sales
But Ep Mt Ss Ms

Ep Mt Bt i Ep Kai s Ksi



Ea Bhi 19 Be i

i e Byi is a martingale

Similar proof for b ii thus from Levy's char

Be i is a B M

Step B The process 7 ha the Stochastic Integral
representation

dYz 2 Ye dt Q Ye dBE

By definition

dye Be 4 dt G Ye dBt

β e dt of E dBt Ue E dt

Bt Ye G E Ue Ye dt G 4 dB

Yeldt 5 4 7 dB



Ref Summarizing we have

dye Be Ye dt acte dB

BE Q

2 Ye dt Q Y dBt

Now let us define a new process Ye as

die 9 1 It re E dB

Thus Cle Te are a pair of processes that
are coupled by the same B M Bt but with

different drift terms

Observe that this trajeitory Ye driven by Bt
under measure Q is the same in distribution as It
driven by Bt under measure Pe



Remark from 4.4 Oksendal I

Suppose Of Ot Ot d EIR

and My e
0s dB o ds

t E 9T

where 0.0

Then dMt Me 0 dB

shown using Ito's

formula

Suppose E e x Novilion
condition

Then Mt is a martingale


