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Images can be represented as
dimensional

vector of pixels a 512 512

image in RGB vector in 800,000 dimensions

Is Generate a new image x

Generate an image consistent with text'z

Denise increase resolution deflur an image given
measurement vector y

Observation These generation tasks can be interpreted

as sampling from some high dimensional distribution

or conditional sampling

x RCD nerd
distribution over images

P x y yer
measurement

p x z ZEIR
text embedding



Construct a Markov process whose

any
distribution is P f Initialize

the MP with a random Gaussian initialization

and evolve the MP Draw a sample after

time T large enough and this should be
close to an image This is approach discussed at

the beginning of Note 8

The DDP M Denoising Diffusion Probabilistic

Model approach Reverse a forward process

that converts images to noise

Forward Process SDE that converts images into noise

Reverse Proless SDE that converts noise into images

The reverse process is our sampler The forward

process is only used to construct the reverse process



The forward process

The forward SDE is the standard OV process

dxt̅ dt Ed Be too Xerd

we initial For P x data disf

Note that for this or any other initial dist
the density evolves to a standard Gaussian Concretely

the above is a special case of the Langevin

Dynamics with steady state dirt I b NO I

Furthermore from LSI notes we know that the

density at time t denoted by be converges

exponentially fast to a i.e

Tobi a p a 121

data dist N 0 Id



Note We use the notation E to denote random

variables and densities associated with the forward

process that evolves forward in time i.e t goes
from 0 to 6

This also differentiates from the reverse process
that goes backward in time from some pre selected

770 to t 0 Variables associated with
the reverse process are denoted by E

The reverse process

We now time reverse the forward OU process We

fix T O and consider the forward process

dxÉ̅ Fedt EdBt Xonpot
te O T

Recall from above that t Pzl and

NCO Ia in io



Our goal is to construct a stochastic
process that

runs backwards in time it t E T 0

s t x ̅ nope i.e x ̅ x ̅ and
also x ̅ To

In other words this process is initialized with
a sample from PTC the terminal state of
the forward OU process which is roughly a

standard Gaussian for T large enough

After running this new reverse process xt̅ te TO

at time O we will get a sample from

Pol i.e the distribution over images

Let us define

dx ̅ fxt̅ 2 apr x ̅ at E dist

te To x ̅ pic



Denote the pdf of this reverse process by

Pt te To By construction

we have ppl Pec

Claim te 0,7 C C

The above claim was derived in 3 Anderson 1982

The proof of the claim below follows the discussion

in 2 Anderson devives the reverse SDE for

any general forward process dXT M Xt dt 5 xe dBt

see 3 for details

Inf Consider the reverse SDE

dx ̅ fxt̅ 2xenp x ̅ at Edist
te To x ̅ npec

t T t time direction reversal

diet Fet 27lnpe.tl t d T t

N2 d Bet



Now d t t dt B Bet B B

diet Get 2 enpie Fet at

NdB
Let Yz et

Then dY Ye 27lnp.it Y

dttredBt.tefoT You pel
Let qell be the pdf of Y with God Pet

The FP Equation for Yt TC 2,1

9 12 2 2 4 2.193 9 127

2 9 17

Let E be the pdf of xt̅ Then by



construction Etc feel

i The FP Equation for Ptc is given by

2Teela 2 at 28ft a Teens

IT.ca
T E s

3 T.ca
at 2 Psas T.la 22Psca

i e

Fsm aisles 2 Ts a Psa

Ip a

We now claim that x P a To show

this we substitute a Fsfx in above



2 Fsln 3 x a 2 Esta Ipsa
f e

Fsa 7 xista Fs a

Recall the FP Equation for the standard OU

Process x ̅

Film In arias Eppias

Observe that From uniqueness of solution

of the FP Equation we conclude that our claim that

Is a p's a is correct If

Not Jen n is called the score function

in the generative modeling literature Also see

Song Ermon 21019 for applying this approach for image generation



Tweedie's formula to compute Inpe G1

The reverse diffusion starts with a Gaussian sample

at t T and approximates a sample from the image
distribution Pol at t 0 This evolution however

requires access to the score funition InPel

There are several approaches to learning this function

One line of work Hyvarinen 2005 develops an

approach to learn this funition by matching to minimize
a Fisher informationmetric This requires estimates of
higher order derivatives and in sliced score matching

Song et al 2019 develop an approach using projections

to get around higher order derivatives

The most popular approach today is based on

denoising score matching proposed by Vincent 2010

This technique goes back to work by Tweedie 1950

as discussed by Efron 2011



Outline of this approach

Suppose we have alcess to a large colletion

of samples of images Denote the v.v corresponding

to an image by Xo Po

We noise the image by adding o mean

Gaussian noise with approviate variance sit

X Xoto Z Z NO I

Z indep of Xo

and to has the marginal pdf given by the
forward OV process min E o f x

f

We now denoise the image using
an MMSE estimator

x ̅ E Xo x x

go x i
parameters
of a neural network



This estimator is learned using squared loss

regression

min E Xo go x2
901

If got is a large enough class of functions

we know that

go a EXO Ex

The optimization above is solved using a large
number of image noised image pairs it

Xo Xo pairs

Tweedie's formula This goes back to 1950s

and states suppose Xr XotoZ as

above then up
NN 0,1

Efxolx.es 02 apr a



Thus by learning the LHS we effectively learn
a score function Tempff

The actual implementations differ from above pipeline
but is based on the same idea

Proof of Tweedies formula for scalar case 0 7

Suppose Y Z PC XIZ

91 PGD e

Z NGD.nu

p.E
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d
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Neat we have
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Generative Flow Models DD M

Refsi songet.al Score based generative modeling

through stochastic differential equations arXiv 2011 73456
2020

Song et al Denoising diffusion implicit models

arXiv 2010.02902 2020

Bilevelideasorf Constant an SDE running
backward in time to sample from the distribution

over images

Thissection Construct an ODE initialized with
a RANDOM initial condition so that the terminal

state is an image We do this through a

2 step process



Construct a time dependent vector field
Ñ d t DeRd such that

dÉz V Ét E dt Zon Pol

i.e sample an image Zo from pot and
evolve the determinist dynamic forward in time

The goal is to construct Ñ such that

Zy NO I i.e the ODE

flows to a sample of a Gaussian v.v note

that because the IC is a random variable

It is a v.v t 20

Reverse the Field Construct a new

reverse vector field T z t such that it is

initialized as Zo Ze This ODE also runs

forwards in time and the field Ñ is constructed

such that Ze Eo i e you sample an image

Not This approach is much faster to implement

by using fast ODE solvers



Idea Interpreting an SDE density evolution

as an ODE density evolution

Consider dtt M Xt Adt O Xe HdBt
EEG T ER

seas

The FP Equation is Petal is the density

P hD Mat peu

E A Pela

Observe

Pe ITR

2
E Pt 0 I.PE

l
EE Pt tPt E



We can now absorb the second term in the

FP Equation into the first

T.pt 2
main 27 t

zenp.in
Pt

Tas

Flat Pta

This is the density flow equation for an ODE

in a vector field 7Gt with initial
condition pola

Why In the FP equation set 51 0 and

we get the continuity equation which describes

the denity flow for an ODE see page 8



Using reasoning as above define

P sit x Tempen xerd

where ppl is the pdf of the 00 process

dxx̅ xt̅dt AdBt on Pol

Then consider the ODE

dz T Eet dt Zo Pol

Then Ze It

i e the ODE has the same marginal as the SDE

Reversing the field

Define w̅ x t V x T t Leo T

as the reverse vector field and let



dÉ T E t dt te o T

be the reverse field ODE

Cain Suppose Eo Ze initialization of
reverse field

Then Er Zo In words this ODE

flow samples from the image distribution

I off Ñ É ᵗ Ñ zI T t

Change F s

dffs T Zeros

Also
dE P E's s

i.e Zes Is s B


