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The Poincaré inequality is fundamental to both

concentrations of tensor products of measures aka

functions of iid random variables as well as

convergence of M P The concentrations connections

is also known as the Efron Stein inequality which

is discussed in the Advanced Prob class see

notes on
my well page

under the Teaching tab

Here we will discuss the M.P convergence connection

This will together with the Bakry Emery criterion

allow us to derive an dimension independent

convergence rate for the Langevin Dynamics
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Khallein 0 The question is How fast
does thill.im go to 0 The Poincaré

Inequality implies that it oes down exponentially

fast in time with rate 2 0



Instead of asking about the fu norm ie Ithelling
we can look at higher order norms i e
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As q increases 11hellen will become larger

as a larger g amplifies spikes in the function

As t increases I hell91m will besome smaller
because Pt smooths the function he 0 as
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This trade off is characterized through hyper contraitivity

Gross's hyper contractivity theorem where under the
Poiniave Inequality with constant c we have

the linesman Hfl p p 20

In comparison the Theorem above has
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Thus for p 2 we see that we can either

get a exponential decrease in value or

a linear increase in norm as time progresses

Please also see

Djalil Chafai Log Sobolev and Bakery Emery
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log sobolev and bakry emery
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might ask how this relates to convergence to stationarity

starting from any initial condition After all if

own then Xe M t 0

We would ideally want something like for eachKERA
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Condition is indeed a softer version of this
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We could get closer to by using a higher norm

and develop similar results butwith a different constant

For a concrete constrition see P Cattians A Guillin

C Roberto Poincare inequality and the L convergence of
semigroups Eles Comm in Pnl 2010



Gaussian Poincaré Inequality Xe 1201 is the

OU process with
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Prof we'll prove the Id case and avoid vector notation

Similar proof for the d dimensional case

From notes 5 Marlov Processes we have
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i.e the OU process converges exponentially fast



to its stationary dirt Further the calculation for
higher d shows that C 1 and does not
depend on dimension d This implies that the
OU process converges exponentially fast to it

stat dist independent of dimension Note that
this is not very surprising because eat dimension

is essentially an independent 1 d OU process with no

coupling across dimensions

However we will later show that a similar property
holds for the Langevin Dynamics for any
strongly log concave distribution
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The remaining proofs require reversibility

Lemma4C2.32IM suppose IPel reversible

Then In Varm Pef and In E Pef Pff are

both convex in
t.PE

Reversitility
Pef g Cf Peg

df g f 2g

R F If

itf Pef off Pff P f n

αP f αPtf nt

ii2112Pafling

Using this we can show



envartie 4

f f

If
varlet 112 flies EE E.E n

Also P 1 1 21 PH 0

ec F iiE caluf Rf7n 0

YCPif LPtF Pef mF LPEF

can

varn Ppf 112Peflli

i InYarm Pef 0 Invarm Pef is

convex wirt t

Similar proof to show convenity of In E Pef Pef
w.it t



Lemma 5 2.33 in Rule book Suppose g R R

is convex and glt k Bt 20 and

for some KEIR

Then we have g glo pt 20

If see RuH book Dh

n r n n

Vary f c E f f
We now prove up f aflly é If reflem

and PefPef E f f

GianFELYM K f sit

IPff mlf1pm e e the

GivenanyFellm k f set

Σ PFPef f e
210

Proof
UP f aflly é If mflley PefPef E f f

From Lemma 2 d In vain Pef 0

It

fln Varm EF is increasing w.r.tt



Also lnva.ru P f 2E

fppf
2

I

i.EE t iEiii
GianFELYM K f sit

IPff mlf1pm e e the
IPtf aflum e

theHf ufleg

Taking In 17 210 leads to In Ptf M f 112in

Ink f It
Now Lemma 2 In it convex

Lemma 3 g 1 convex with g k Pt

Irl Ppf M f 11 In Pof mall

x

is analogous as above If


