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I closely follow Chaps 2,3 in D

The goal is to show that Langevin Dynamics converges

exponentially fact in time independentof dimension if
the distribution is strongly log concave To do so

we develop the basic theory of Markov Processes

the Poincare inequality theBelary Emery criterion

and the Log Sobolev Inequality Some of these ideas

will be useful again later when we study convergence
analysis of discretized Langevin and DIPM Sampling
we will revisit M.P again when we study Ito calculus



Xt 20 X Erd thing holdmore

generally but I will
is a continuous time stochastic process stick to Rd or a

discretestatespace

Define the semi group Pt tzo associated with it

by Po I P Pt Pstt where for any
bounded mean able furation fef f Rd R

Pe F F s.t P F a E F X E

Let the filtration associated with X 203 be
denoted by 9t 20 where

9 Xs set

120 is a time homogeneous Markov Process if

Eff Xt Gs PE Xs
informal Eff Xt x 8 5



A probability measure M F IR is defined

as

M f Ezm f Z

A protability measure associated with Pt is said

to be stationary if
Pff Mff

II wi wi ane notation to isiie i.in
different but related things I As above M maps

a function to its expectation integral ci M is also

used to denote the density measure itself i.e

no
card

M f Ez f Z f z dulz
YER To Santz

f z M z dz

From content it will usually be clear which one we mean



Lp m norm I f 12pm f z u z dz

equivalently

yffpu Exon f to

PIEICsieiimiizizin ritiii.i foij.it
1 11Ptfl 2pm Aflame ie Pe is

non expansive

2 Pt af βg Pef βPpg linearity

3 Petsf Pt Psf Pt Ps f Ps Rf
semi group

4 Pt 1 1 m a s

Kane Varnff Mff Mff

Lmma M stationary Fef Then Varu Pff
non increasing in t



vary P f HPef of 12am 11Pa f if Ie
OESet

11PaPs F of In MPs f f Hm

Varm Psf B

Semigroup Generator α The Generator of the
M.P Pt to is α f IR sit

If I p Peff limit in

end

for f E 221m Please read Rule for a discussion on

the domainof α In general Domain 2 m

Remarks Informally Pe ett

The generator characterizes the time

evolution of the Markov Process In particular
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Notation De It

If Ut Pef then

2 4 Ut Kolmogorov Backward Equation

describes time evolution

of expected functionvalue

The dual for this is the Fokker Planck Equation
or the Kolmogorov Forward Equation developed below

Before we discuss we digress to recall adjoint
operators over Banath spaces



Aside Adjoints on Banach Spaces

Let f E F Rd the space of continuous
bounded functions over 129

Then its dual spare space of linear functional

over Rd is M the spare of finite

Borel measures i.e if y F IR is a

linear functional then it can be represented
isometric isomorphism by M E M i.e

µ f Sfdu
linear funitional

Similar to Hilbert space adjoints we can now consider

adjoint operators here but cannot compose an

adjoint and its dual see C Heil Fritional Analysis
Lecture Notes Adjoints in Banach Spaces online notes

heil.math.gatesh.edu handouts adjoint banaih.pdf



The linear functional are represented in sesquilinear

form ie m t f M ft Ird
linear in t anti cnn.ME M

and AF m F AM
operator adjoin operator

The notation of is overloaded here

recall that a Banash space in general is

NOT an inner product space For a true

inner produit we need a Hilbert space

Kolmogorov Forward Equation

We have PE as the adjoint of Pt i.e

Pt acts on f to push the function value forward



i e P f x E F Xt xo x

and E f Xt P f x duo x

I no dist of to neednot be the stat dist

Py acts on the measure Mo to push the

measure forward i.e the dist of Me
with Me PIMO

i.e Exormo FIXED f x delta

fin d Mola

Now we will suppress explicitly showing se below

Ot Ex.no f XtD 2ffdPfMo
Mt

detn.ofPEi
yegpef duo 52 Pef duo

SP df duo f d PFM



similar to pi.PE we can define ie adjoint
of α denoted by α that acts on

measures i.e Lf g i.e α maps
functions

to functions and 2 ioe α maps

measures to measures Specifically

Sdf do If d d

2 ffd Mo Lf demo ffd ÉMo

x ̅
This is true F E F thus we have

0Mt α PÉMo PELE

i.e 2 acts on measures and describes density

evolution
Kolmogorov forwardEquati

DEME αME Fokker Planic Equation

This is the same F P Equation we derived earlier

for an SDE from first principles



Bringing thing together we now have

Mx is stationary 2 4 0

Ez.my LF ZD 0 fef

Remark Duals are used in two different ways when

discussing M P whith sometimes can be a source

of confusion

Ba speceduality when we discussed Pt PT
and 2,24 earlier we are concerned with

Pt and acting on fe f and Pe and 2

acting on Borel measure ME P Rd see

discussion earlier in these notes

Hilbert space duality with respected to M weighted

innerproduiti



In reversibility we are concerned with a different

dual Pe α and PT where all of these
act on f E f I Hilbertspace adjoint operators

Pef 97mF Pefin g n delta

f a Pig a du.cn Lf Pig

and similarly αf g m
f g u

A M.P with α u is reversible if Pt PT
and In these notes we will not

be using PI as for the most part we

consider only reversible M P which are

self dual



Reversibility A key idea in M.P.is reversibility

whith informally says that the evolution of
density when time is reversed is the same

as the evolution when time moves forward

Formally Pt 20 associated with 4,4
is reversible if gener.to si

neennLPefg7m Cf Pt97m

equivalently

Ex.m Pef Xo g Xo Ex.nu f Xo Peg Xo

i.e ExonmfEffCXt xo 9 xo

Exonm.ff Xo E 9 Xe

i.e Ex.ru f Xe g Xo Exonmff Xo g Xe



Edicity A M.P.is ergodi if FE 2 m

Ptf ᵗ Mlf in 24m

fin É FNt on mi Ezmff ZI

i e irrespective of initial state 0 31 the MP time varying

density converges to µ

Dihetform This is a notion of average

energy of the M.P as will become clearer later

and is defined as

E f g f αg7m

f 1111 dg a dutic



Claim For the SDE Marlion Process

OU proless

dx Xedt EdBt ER

we have

Mlk N 0,1

P FGD Ezm f etx Feet z

α flx x f'b f a

For future vet pube 2n xpath Input
density fa Gouted ohm

E f g f g7m

E f f If'll If 12dm

Remark We that the SDE above can be explicitly
written as Xe et to e Best 1 Xo 1W



Further if You N 0,1 then N 0,7
to

var Xe éᵗ éᵗ e t

ie e
i.F

ZnN 0,1 E Zf Z E F Z

Lemna cont bounded f

Remark We see that by writing f g and

MNNCO 1 the above condition states

Ez m Zg z g z 0 i.e

ZnN 0,1
Ezm 29 z 0 where

g x ng x g x which

as we will show below is the generator of the

OU process

This certification of a ru have dist u



via expectations of functions operated on by
a generator of a M.P α M is very

useful

for many
other applications and is popularly known

as Stein's method see notes on Skin's method

Proof of Claimsto calculate α El 1 for the OU process

étxoté Bet 720

111 x e's Xot e's Best_

e sté BEIYIo.ee
and index of Xs

ie e
t

e t.de s.Z
Npo a

i e

X e x Fetes z

From and 5 0 it is clear that if You N 0,1
Xe NN 0,1 t i.e M N 0,1



Eff Xt Fs substitute

Effel x Faiz Xs
index of Xi

Pt f x Eff Xt s

Ezra f e x Few z

we get by setting 5 0

Peffi Eff étx FEz

fé 2

Aside g z f étsi Fé z Then
I

E zg z E g z E Felt.fi eti netz

i

Efxétf était Festa eat
f étinEtz



i e

Ptf x x E P f a

α f n n f a f a

Elf g f g7m

E f z zg z g z

Aide E ZE g
E

Egl

l
l

E F 2 g z f z g z

s F z g E fast f z I

Ennz f z g Z F g7m
Be



Remark In the vector case u N O Id
ERA addmatrix

α f x Δ fix x F f x

Laplerian Dfm
Tr If 111

E f F 11 If 112m

Finally for future reference the following are useful

Suppose a Ef oct 1Rd

Observe that In d F V x

Thus the Langevin Dynamics in this case becomes

dXe IV Xeldt 52dB Xter



Then M x x and Fef
i e f Rd IR

f x Dfbi IV 176 If io

depletion

i e 2 f in If fi

I a prob density with domain Rd i.e it Rᵈ R

α ily DA y D Aly Vly

Finally Eff f 1144411 dM 71

ii inieieisiincaiiisinsi fE.it
I g y 3,919



Remark de Bruijn's Identity Fisher Information
and K2 Divergence

Fr any Langevin Dynamic we see above that

f f Ff n lidar a

We note that the Fisher Divergence or Fisher

InformationDistance is defined as

FI Mllv f Ten 1may durn

Observe that if Ffm d the likelihood

ratio or the Radon Nikodym derivative then
E f f FILM to

Next we have de Bruijn's Identity
Let 7 be r.us with diff distributions



and Zo N 0 0 be indep of Y Y2

Let Mo dist Y Zo No dist 42 20

i.e GNounal perturbed versions of the dist of
41 V2 vespeitively

Then KL Molly IFI Mollo

de Bruijn's identity for divergence

There is also a version that relates entropy and fisher

information

FILM Exam IT Input I

where part is the density associated with

measure alae duin Pulads

We also have entropy Exum In pulx



As before let YNM and Y Zo Mo

where Zo1Y Zo N 0,02

Then H Mo FI Mo

de Bruijn's identity for Entropy

Starting from above.ie ian stow the_following remit
see 43 below

Let up with E x M Var x 02

Z W N N M 0 ZAWIX
Tmr

Further let X NEX Ft Z Gaussian

smoothed and Pt

KL pl a FICPH.tn dt



We will revisit KL and FI when we discuss

the problem of learning score functions through
Tweedie's formula as well as when deriving
discretization bounds for DDPM sampling
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