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Theorem 7.4.1 (Dynkin’s formula).
Let f € CZ(R™). Suppose T is a stopping time, E[T] < co. Then

<« Ok Q?hAa\\ , C)Y\o\‘? }7)
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. (Kolmogorov’s forward equation) (o\kﬁ o Rker- P“lﬂ‘k

Let X; be an Ito diffusion in R™ with generator e%‘.\’“

E*[f(X,)] = f(z) + E” [ / Af(Xs)ds] .

2f 9 .
Af(y) = ““(y){)yﬂay,. Y by - feC]
ij R

i v Yi N S -~ ‘ \\ D )(\ Y /‘5
and assume that the transition measure of X, has a density p:(z,y), ¢ j h n

i.e. that

E*[f(X0)l = | fpilz,y)dy;  feCq. (8.6.34) N \
n[ Qﬁ\/mv\\c. (s k\\e Aro aa %

Assume that y — pi(z,y) is smooth for each ¢,z. Prove that p;(z,y)
satisfies the Kolmogorov forward equation

%pt(w,y) = Aipwy)  forall z,y, (8.6.35) SQV\O\ G‘V\(}\ (39N e/\\}\ ‘\)\~ DI Q‘v‘,\

where A} operates on the variable y and is given by

00 =Y %;J](am) Y gl oeC (5030 0(; CC\\ C v-\ (OA Q\) Y 0\\% ATV )

i.e. A is the adjoint o .
Ay is the ad f A,
(Hint: By (8.6.34) and Dynkin’s formula we have

t
[1wptewar=r@+ [ [ aswpoads: e,
Rn o R»

Now differentiate w.r.t. ¢t and use that

(49,9) = (¢, Ay)  for € C5, v €C?,

where (-, -) denotes inner product in L?(dy).)
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