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approximation suffices Now let us consider

an SDE
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Blue term can be ignored because it is zero mean
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Takeaway Second order Taylor series expansion

terms cannot be ignored for the stochastic

setting
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Fact Under nile conditions on M1 7,5C
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Answer The Fokker Planck Equation
Kolmogorov Forward Equation
Master equation

see also wikipedia for the history of this equation

The FP equations is a PDE that describes the

time evolution of Pel Below we assume

existence unique of solution holds under usual

nice conditions see 63
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Note The Fokker Planck Equation is closely related to

the continuity equation for ODEs of density flow
If we set 5 0 in the above equation we get

It
I Mp 0 where

PEPE N me
Mmt

mists
and divergence I Zn

ix

If 1 Milat pt.la



Aside Physics intuition of the continuity

equation from conservation of mass

A rough sketch of the continuity equation

M O assumption for simplicity below
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If we start an ODE in a vector field u x t

and with a random initial condition IC the density
evolution is described by the continuity equation above

This is also closely connected to the heat equation
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In the heat equation ps is the temperature and

p d encodes the average difference in temperature

between X and the neighborhood of 71 This equation
describes the diffusion of heat over time

The Fokker Planele Equation has both a drift
and diffusion term Also as we see in section 6

pp 29 we can absorb the diffusion term into the

drift term via a time varying vector field



Sketch of proof of the FP Equation for 1 d

Proof below adaptedfrom 2 see I for a complete proof
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Expanding the expectations we have
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a stronger condition than properness but is
reasonable
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we have
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This is the 1 d FP Equation By



Aside

Note also that the formal proof is different and
uses Dynkin's formula using Ito calculus

Ok sendal Chap 7
A is the generator

of thesee Oksendel prob 8.3 for details Markov Process

akaFokker

Note The Dynkin's
formula is the analog of
the fundamental theorem
of calculus for diffusions

We will revisit the FP Equation and

it to the adjoint of the semigroup
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Claim po 2
z Substitute and check

LHS 127 z

RHS
E 1,2

z 2222712

i e the invariant measure M associated with

the Langevin Dynamins is


